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Abstract—We generalize the decay cascade model of charge
capture statistics for a tunable-barrier non-adiabatic electron
pump dominated by the backtunneling error at the quantum dot
decoupling stage. The energy scales controlling the competition
between the thermal and the dynamical mechanisms for accurate
trapped charge quantization are discussed. Empirical fitting
formula incorporating quantum dot re-population errors due
to particle-hole fluctuations in the source lead is suggested and
tested against an exactly solvable rate equation model.
Index Terms—electron pump, quantum dot, quantum metrol-
ogy, tunneling, single-electron transport
I. INTRODUCTION
Charge pumps based on tunable-barrier semiconductor
quantum dots [1] can implement frequency-locked single-
electron transfer with remarkable accuracy [2], serving as
potential building blocks for a quantum current standard. In
a single-parameter non-adiabatic quantized pumping scheme
[3], [4], the bottleneck for accurate current quantization is
the initialization phase of the pumping cycle [2], [5], [6], in
which the entrance barrier separating the quantum dot from the
source lead is closed, trapping a certain number of electrons
electrons n on the dot. These electrons are later ejected with
high fidelity into the drain lead, producing a directed current
I = qef〈n〉, where qe is electron charge, f is the pumping
frequency (up to the gigahertz range [1], [2]) and 〈n〉 is the
statistical average of the number of trapped electrons.
Decay cascade model [5] has been successfully employed to
describe the I-V characteristics of a non-adiabatic quantized
charge pump using a fitting formula
〈n〉 = exp(−e−α(V−V0))+ exp(−e−α(V−V0)+δ2), (1)
where V is the DC voltage on the exit barrier gate, and α, V0,
and δ2 are the fitting parameters. (We focus on the interplay
of the first two charge states which limits n to 0, 1 or 2.) The
value of δ2 can be obtained from measurements of relatively
low precision, and serves as a convenient figure-of-merit for
predicting the ultimate flatness of the current quantization
plateaux for a particular device.
There are certain limitations of the decay cascade model
which this paper aims to address. Experimentally, deviations
of the current quantization steps from the double-exponential
shape (1) have been reported in high-precision measurements
[2], [7]. The original formulation of model [5] considers the
limit of an extremely rapidly rising energy of the quantum
dot, such that 〈n〉 is set by the backtunneling dynamics only,
and δ2 is determined by the ratio of the decay rates Γn
for the first two charge states, δ2 → ln(Γ2/Γ1). In a later
publication [6], a more general model of the non-equilibrium
charge capture has been put forward which includes also the
addition energy Ec = µ2 − µ1 and the temperature T . It has
been shown that Eq. (1) is reproduced by the general model
in the limit of T → 0. However, finite-temperature corrections
and the physical parameters controlling them have not been
characterized.
In this paper, we show that the empirical figure-of-merit
δ2 of the decay cascade model includes both temporal and
energetic separation between the electrons escaping back to
the source:
δ2 = ln
Γ2
Γ1
+
Ec
∆ptb
. (2)
Here ∆ptb is the plunger-to-barrier ratio [8] of the entrance
barrier gate. ∆ptb is equal to shift of the energy levels of the
quantum dot during the time τ it takes for the tunneling rate
to be reduced e = 2.718 . . . times; it is a measure of cross-
talk in the design of the energetic (“plunger”) and the barrier
functions of the gate.
At finite temperatures we find that the corrections to Eq. (1)
are controlled by the ratio kT/∆ptb (k is the Boltzmann
constant). Decay cascade formula (1) remains a good ap-
proximation for kT/∆ptb < 0.1. At higher temperatures the
following ansatz for the current quantization plateaux (defined
by the range 0.9 < 〈n〉 < 1.1) describes well the crossover
between the backtunneling and the thermal error mechanisms:
〈n〉 = 1− e−α1(V−V1) + e+α2(V−V2) . (3)
The ratio α1/α2 extracted from numerical data is close to
kT/∆ptb, as expected from our recent analysis of fluctuations
in a model of a single quantum level [8].
II. MODEL
We employ the sequential tunneling master equation with
time-dependent rates [6],
dP2/dt = −W−2 P2 +W+1 P1, (4)
dP1/dt = +W
−
2 P2 − (W+1 +W−1 )P1 +W+0 P0, (5)
where W±n describes addition (+) or removal (−) of a single
electron to a charge state n, and Pn(t) is the non-stationary
probability distribution subject to normalization P0 + P1 +
P2 = 1. Transition rates are subject to a (generalized) detailed
balance condition, W−n /W
+
n−1 = e
−(µn−µ)/kT , which defines
the corresponding time-dependent chemical potentials µn(t)
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Fig. 1. Average trapped charge 〈n〉 as function of V for a uniform set of
temperatures kT/∆ptb = 0 to 1 (blue to red, decreasing steepness). Cascade
parameters δ2 = 12 and Ec = 6∆ptb, voltage rescaling parameters fixed to
V0 = 0 and α = 1. Insets show examples of fitting the pure decay cascade
formula (1) (blue, lower curve) and the fluctuation anstaz (3) (red, upper
curve) to the numerical solution (dots).
of the charge state n with respect to the grounded potential of
the source lead, µ = 0. The total rate Γn = W−n + W
+
n−1 is
dominated by the exponential gate-voltage (and hence, time)
dependence of the tunneling matrix elements due to the field
effect in the semiconductor constituting the closing entrance
barrier between the source and the quantum dot. Following
[5], [6], [8] we postulate
µ1(t) = εc(V ) + ∆ptbt/τ, (6)
Γ1(t) = e
−t/τ/τ, (7)
around the first charge state decoupling time t = 0. The second
state is separated from the first by constant and positive Γ2/Γ1
and Ec. The charge capture counting statistics [6] is given by
the large-time limit of Pn(t) starting from a grand canonical
equilibrium at t = t0. For t0  −τ the initial condition gets
forgotten due to adiabaticity of stochastic dynamics (4)-(5)
with Γn(t) 1/τ [8].
Similar to the time-dependent entrance gate voltage which
creates the time-dependencies (6) and (7), a DC voltage V on
a tuning (e.g., exit) gate is expected to affect energies linearly
and tunneling rates exponentially. Both effects result in a linear
shift, εc(V )/∆ptb = −α(V − V0) [5], [8].
III. RESULTS
The zero-temperature solution reported in [6] in terms of the
parametrization (6) and (7) results in 〈n〉 = ∑n nPn given by
Eq. (1) with δ2 given by Eq. (2). Increasing kT brings about
gradual rounding of the steps and increase of the slope at the
flattest part of the plateaux, see Fig. 1. The decay cascade
model formula (1) gives a better fit than the fluctuation ansatz
(3) up to kT ≈ 0.1∆ptb (see the lower inset in Fig. 1), while at
higher temperatures Eq. (3) rather abruptly becomes a much
better approximation (see the upper inset in Fig. 1). When the
fits are good, the values given by Eq. (2) for δ2 and α1/α2 ≈
kT/∆ptb are recovered for the models (2) and (3), respectively,
as demonstrated in Fig. 2.
Fig. 2. Results of fitting the decay cascade model (blue circles, left axis) and
the fluctuation ansatz (red squares, right axis) to the exact numerical solution
as a function of temperature kT/∆ptb. Model parameters same as in Fig. 1.
Straight lines guide the eye to δ2 = 12 and α1/α2 = kT/∆ptb.
IV. CONCLUSION
Decay cascade model predictions are robust against thermal
fluctuations up to an energy threshold which can be quantified
in terms of a plunger-to-barrier ratio intrinsic to the non-
adiabatic single-gate charge pump design. Fits of the current
quantization plateaux to a simple sum of two exponentials may
help in investigation of the physical error mechanisms, and
contribute to improved metrological performance of a quantum
current standard.
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